Microvibrations generated by a control moment gyroscope (CMG) will couple with a flexible spacecraft structure, and this seriously degrades certain point performances of a spacecraft. This study focuses on investigating the coupled microvibrations caused by a CMG on a flexible interface by using a dynamic substructure method (DSM). First, a DSM based on a frequency response function (FRF) is established, and this method is used to simultaneously synthesize multiple substructures with different coordinates irrespective of whether their connection interfaces are rigid or flexible. Second, the bearings and the gimbal servo system are simplified into linear springs, and therefore the CMG model is equivalent to a mass-spring-damping system with eighteen degrees of freedom (DOFs). Third, the established DSM is employed to deduce the FRF matrix of the CMG-flexible interface coupling system that consists of CMG mounted on an aluminum honeycomb sandwich palate (AHSP). Dynamic responses of the coupling system are calculated by the derived FRF matrix. Finally, MATLAB and multibody dynamics simulations are conducted to analyze and validate the dynamic responses of the coupling system obtained by the DSM. The results indicate that the DSM is appropriate to predict the coupled microvibrations of CMG on a flexible interface and exhibits high prediction accuracy and computational efficiency.
Introduction
With the development of high-precision observation spacecrafts, spacecraft microvibrations are increasingly important in the design process of spacecrafts and result in stringent requirements for the spacecraft platform stability [1, 2] . Microvibrations of spacecrafts are characterized by a lowamplitude and wide-frequency band, and they significantly influence both imaging quality and pointing accuracy of a spacecraft. They are typically caused by internal mechanisms on board spacecrafts, such as the control moment gyroscope (CMG), reaction wheel assembly (RWA), cryocooler assembly (CCA), camera shutter assembly (CSA), and solar array drive assembly (SADA), which in this situation are termed as microvibration sources [3] . Among these mechanisms, RWA and CMG are always considered the most prominent disturbance sources. Their disturbances are distributed in middle-to-high-frequency band and are difficult to control and reduce [4, 5] .
Additionally, RWA and CMG are commonly used as actuators of attitude control in spacecrafts via the generation of reaction torque by high-speed rotary flywheels although their operating principles are different. RWA provides control torque for spacecrafts via adjusting the rotational acceleration of the flywheel while CMG generates gyroscopic torque by turning the angular momentum vector of the flywheel in which the rotating speed is constant and considerably higher than the maximum of RWA and is as high as approximately 6000-10,000 rpm [6] . The rotary flywheel also provides adverse vibrations while providing control torque. These vibrations are modulated and magnified by internal dynamic mechanisms and transmitted through the spacecraft structure, exciting modes of the spacecraft structure, and significantly affect its performance [7] . The flywheel disturbances are mainly due to the following four factors: flywheel mass imbalance, internal resonance, imperfection in mechanical bearings, and motor ripple, in which flywheel mass imbalance is almost considered the major factor.
Several studies investigated the disturbances induced by the rotary flywheel [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Most studies focus on disturbances produced by RWA. Reference [8] proposed an empirical model of RWA that assumes that RWA disturbances consist of a series of harmonics at discrete frequencies with amplitude that is proportional to the square of the flywheel speed. However, the empirical model fails to express the amplification when the disturbance harmonics cross structural modes. Therefore, [9] developed an analytical model that captures the dynamic interaction between the structural modes and the inertia properties of the flywheel and gyroscopic stiffening effects. The aforementioned disturbance models of RWA are based on the rigid interface condition assumption. However, in terms of application, RWA is mounted on a flexible spacecraft interface, and it is highly likely that dynamic coupling between the RWA and spacecraft interface is induced during operation. The RWA disturbances induce vibrations in the spacecraft and excite its flexible modes. The spacecraft vibrations subsequently drive the RWA and create additional disturbances, and these increase the complexity of RWA microvibrations [9] . References [10] [11] [12] [13] investigated the coupled disturbances between the RWA and flexible interface by using dynamic mass measurement techniques. This method uses a "force filter" to correct the RWA disturbance test spectrums of the rigid interface and applies the corrected spectra to a spacecraft frequency response function (FRF) to predict its performance. References [14] [15] [16] [17] studied coupled microvibrations of a cantilever-configured RWA with a flexible platform based on theoretical modeling and experimental measurement. A seismic microvibration measurement system (SMVMS) was developed to measure the coupled microvibrations, and an analytical model of the RWA and the test system was established to analyze the coupled microvibrations in which the importance of the RWA driving point accelerance was thoroughly discussed.
When compared to RWA, studies for CMG disturbances are relatively less. References [18, 19] established the disturbance models of CMG on a rigid interface via the Lagrange energy method and Euler equation, respectively. Both models were verified by experimental tests. In a manner similar to RWA, the microvibration characteristics of CMG on the flexible interface are more complicated. Reference [20] analyzed the influence of installation bracket stiffness on CMG microvibration properties by testing CMG microvibrations on two installation brackets with different stiffness values. Reference [21] investigated the effect of the flexible interface on CMG microvibrations by comparing microvibration testing results of CMG on rigid and flexible interfaces. However, the aforementioned studies did not deeply discuss the coupled microvibration characteristics of CMG on the flexible interface because only a few effective methods exist to describe and analyze the coupled microvibrations.
Because of the structural complexity of the coupled system, this study adopts a dynamic substructure method (DSM) to investigate the coupled microvibration characteristics. The basic idea of DSM involves decomposing an assembly system into several components and predicting the dynamic properties of the assembly structure from its components. The DSM is divided into two groups, namely, one in which modal data is used and another in which FRF is used directly [22, 23] . The FRF-using DSM is selected in this study. The first FRF-using DSM is the impedance coupling method (IC method) that uses the receptance matrix of substructures to obtain that of the assembly structure [24] . However, this method is computationally inefficient because it should initially inverse the FRF matrix of each substructure. Reference [25] proposed a receptance coupling method (RC method) that is more computationally efficient by synthesizing the FRF of substructures directly although it is only used for coupling two independent substructures. Reference [26] presented a generalized receptance coupling method (GRC method) that is used to couple several substructures together in a single step. Reference [27] developed a general joint description method (GJDM) that is very similar to the GRC method in terms of formulation and convenience to resolve the effect of elastic media between substructures. In this study, a DSM convenient for synthesizing multiple different coordinate substructures with hybrid connections is developed. Subsequently, this method is employed to deduce the FRF matrix of the CMG-flexible interface coupling system that is used to calculate the dynamic responses of the coupling system. Finally, MATLAB simulations are conducted to analyze the dynamic responses of the coupling system, and multibody dynamics simulations are performed to analyze and verify the accuracy of the coupling disturbance analysis method based on the DSM.
Dynamic Substructure Method
2.1. Synthesis Criterions of the Flexible Connection. Figure 1 describes a substructure system divided from an assembly substructure with intricate connections that contains both flexible and rigid connections. Each connection of the substructure system is considered a substructure and is defined as a connection substructure (CS). A rigid connection essentially belongs to a special flexible connection in which stiffness tends towards infinity. Therefore, all the connections are considered flexible connections in the following derivation.
We define two groups of connection coordinates in which a group corresponds to connection coordinates b′, b, and b located on connection substructures, substructures, and assembly structure, respectively, and they are on a side of all the connections corresponding to another group, namely, c′, c, and c on another side. For a multidegree of freedom (DOF) connection substructure j, each DOF can be equivalent to a spring with equivalent stiffness-damping, as shown in Figure 2 , in which each full line in the CS represents a DOF and the dotted line represents the remaining DOFs.
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The relation between response and excitation of the jth connection substructure is determined as follows:
where j = 1, 2, … , n, n is the sum of the connection substructures, Z j = z ab o×o refers to the connection impedance matrix of the jth connection substructure, o denotes the DOF sum of the jth connection substructure, and z ab denotes the connection impedance between ath and bth DOFs that denotes the force needed to act on the bth DOF when the ath DOF happens to be a unit displacement. When no couple exists between different connection DOFs, Z j corresponds to a diagonal matrix. Additionally, K j and C j represent the equivalent connection stiffness and damping matrixes, respectively, of the jth connection substructure; s = wi = 2πf i, where i denotes the square root of −1 and w and f denote the vibration angular frequency and vibration frequency, respectively. Furthermore, R j is defined as the connection receptance matrix of the jth connection substructure that is the inverse matrix of the connection impedance matrix and is calculated by (2) . For a rigid connection, the connection receptance matrix is considered a zero matrix.
Subsequently, the relation between response and excitation of the jth connection substructure is expressed by the connection receptance matrix as follows:
Similarly, the relation between response and excitation of all the connection substructures is expressed as follows:
where R denotes the connection receptance matrix of the substructure system, and it is obtained by connection receptance matrixes of all the connection substructures in the diagonal form and expressed as follows:
2.2. Formula Derivation. For the substructure system shown in Figure 1 , FRF matrixes of all the substructures are partitioned in internal coordinates and connection coordinates b and c that denote the relationship between response and excitation and are expressed as follows:
Accordingly, the relationship between response and excitation of the assembly structure is expressed as follows:
where subscripts a and a represent the internal coordinates of the substructure system and the assembly structure, respectively. The basic conditions in the process of substructure synthesis are compatibility and equilibrium that are given as follows: 
In the substructure synthesis process, the response and excitation of the internal coordinates are not changed, and they are expressed as follows:
By combining (4), (6) , and (8), we obtain the following expression:
The expression for F b ′ and F c ′ is expressed as (13) by substituting (9) and (11) into (12) as follows:
Using (4), (8) , (9) , and (11), the relationship between response and excitation of the substructure system given by (6) is reexpressed as follows:
By substituting (13) into (14) for F b ′ , the FRF matrix of the assembly structure is obtained and expressed as (15) in which the FRF matrix of any assembly structure is calculated by the FRF and connection receptance matrixes of its substructures.
2.3. Process of Substructure Synthesis. We consider a threesubstructure system an example, and the process of substructure synthesis is demonstrated in this section. Figure 3 shows the three-substructure system where substructure II connects to substructures I and III via connection substructures 1 and 2, respectively. Coordinates o 1 x 1 y 1 z 1 (coordinate 1), o 2 x 2 y 2 z 2 (coordinate 2), and o 3 x 3 y 3 z 3 (coordinate 3) are the local coordinates of the three substructures, respectively, and are discordant from each other.
The FRF matrixes of the three substructures in their local coordinates are defined as follows:
Due to the inconformity of the three coordinates, the connection coordinates b and c are not in agreement. The FRF matrix in (17) is substituted into (15) coordinates. It is assumed that the connection coordinates of substructures I and III are accordant to those of substructure II after the transformation, and thus it is necessary to transform the connection coordinates of substructures I and III by a connection coordinate transformation matrix that is defined as follows:
where I denotes the unit matrix, subscripts u and v refer to their order that is the sum of DOFs of all the internal and connection coordinates, and matrixes A 1 and A 2 represent the orientation cosine matrixes of all the connection coordinate DOFs of substructure II with those of substructures I and III, respectively. After the transformation via the connection coordinate transformation matrix, the FRF matrix of the substructure system is reexpressed as follows:
The connection receptance matrixes of connection substructures 1 and 2 are defined as R 1 and R 2 , respectively, in coordinate 2. With respect to (5), the connection receptance matrix of the substructure system is expressed as follows:
By substituting (19) and (20) into (15), the FRF matrix of the assembly structure is achieved. The steps involved in the substructure synthesis process can be summarized as follows:
(1) Dividing a complex assembly structure into several substructures depending on the analysis demand (2) Calculating the FRF matrix of each substructure and connection coordinate transformation matrix and obtaining the FRF matrix of the substructure system (3) Calculating the connection receptance matrix of each connection substructure and obtaining the connection receptance matrix of the substructure system (4) Achieving the FRF matrix of the assembly structure by taking the obtained FRF matrix and connection receptance matrix of the substructure system into (15).
Description and Simplification of the CMG Model
3.1. Description of the CMG Structure. The CMG structure mainly consists of the following four parts: flywheel, bearing, gimbal, and bracket [6] , as shown in Figure 4 . There are two groups of rotor-bearing systems in the CMG structure, namely, the flywheel-bearing system in which the flywheel rapidly spins to the gimbal and the gimbal-bearing system in which the gimbal slowly rotates to the base controlled by the gimbal servo system. The structural forms of both correspond to a rotor supported by a pair of face-to-face-mounted angular ball bearings. It is assumed centers of mass (COMs) of the flywheel, gimbal, and bracket are coincident at the initial state. A few coordinates are defined for the purpose of convenience in modeling the CMG microvibrations. We define o 0 x 0 y 0 z 0 (coordinate 0) as an inertial coordinate fixed in the bracket in which the origin o 0 is located at the COM of the bracket and the y 0 -axis is in line with the gimbal axis. We define o g x g y g z g (coordinate g) as the gimbal-fixed coordinate that is a motion coordinate and rotates with the gimbalbearing system. The origin o g is located at the COM of the gimbal, the y g -axis is in line with the gimbal axis, and coordinate g initially coincides with coordinate 0.
Simplification of Rotor-Bearing Systems.
For the two groups of rotor-bearing systems contained in the CMG structure, the flywheel, the gimbal, and the bracket are considered
5 International Journal of Aerospace Engineering into six-DOF rigid bodies because the flywheel rotary speed is significantly lower than the critical point, and all the supporting bearings are equivalent to linear springs with radial and axial stiffness-damping [9] . Figure 5 shows the equivalent spring model of a rotor-bearing system in which k r and k a represent the radial and axial stiffness, respectively, of the equivalent linear spring, c r and c a represent the radial and axial damping, respectively, and d denotes the bearing supporting length that is the distance from COM of the rotor o to the bearing supporting point. All the radial and axial stiffness-damping are equivalent to the COM of the rotor, and the rotor-bearing system is simplified into a six-DOF mass-spring-damping vibration system in which stiffness and damping matrixes are defined as follows:
where K, K tr , and K to represent the stiffness, translational stiffness, and torsional stiffness matrixes, respectively, of the simplified spring and C, C tr , and C to represent the damping, translational damping, and torsional damping matrixes, respectively.
Translational stiffness and damping matrixes of the vibration system are obtained by linear summation of the equivalent stiffness and damping of the two bearings, respectively, and given as follows:
K tr oxyz = diag 2k r 2k r 2k a , C tr oxyz = diag 2c r 2c r 2c a 22
Torsional stiffness matrix of the six-DOF vibration system is deduced by performing force analysis to the rotorbearing system. The derivation of torsional stiffness around the y-axis is considered an example to demonstrate this process. As depicted in Figure 6 , it is assumed that the rotorbearing system exhibits a small torsional deformation ε around the y-axis, and the two x-axis radial springs generate a translational transformation Δ ε in the opposite direction that is calculated as follows:
The reactive forces generated by the two x-axis radial springs are equal and opposite in direction. The value of the reactive forces is determined as follows:
The two reactive forces are equivalent to the origin o as a torque around the y-axis that is obtained as follows:
For the axis rotation of the flywheel and the gimbal about the two radial directions, the rotary angular are quite low, and thus the torsional deformation ε tends towards zero. Subsequently, the equivalent torque is simplified as follows:
Thus, we obtain the equivalent torsional stiffness around the y-axis as follows:
Similarly, the equivalent torsional stiffness around the x-axis is expressed as follows:
The equivalent torsional stiffness around the z-axis is zero for the rotation axis of the rotor is the z-axis, and thus the equivalent torsional stiffness matrix is obtained as follows:
Similarly, we obtain the equivalent torsional damping matrix of the system that is expressed as follows: Finally, the equivalent stiffness and damping matrixes of the six-DOF vibration system are obtained as follows: Based on the simplification of the rotor-bearing system in the previous section, the two pairs of supporting bearings are equivalent to two linear springs with six DOFs, and the CMG model is simplified into an eighteen-DOF mass-spring-damping system as shown in Figure 7 . Based on (31), the equivalent stiffness and damping matrixes of the two equivalent linear springs are given as follows: where subscripts 0 and 1 refer to the flywheel-bearing system and the gimbal-bearing system, respectively. The gimbal servo system is simplified into a torsional spring along the gimbal axis in which stiffness is defined as the servo dynamic stiffness [28] . Subsequently, the equivalent stiffness matrix in (33) is reexpressed as follows:
where k s represents the servo dynamic stiffness of the gimbal servo system in which the expression refers to [28] .
Dynamic Responses of CMG on the Flexible Interface
4.1. Division of the Substructures. We consider an aluminum honeycomb sandwich palate (AHSP) a flexible interface, and the CMG-flexible interface coupling system is shown in Figure 8 in which the CMG is hard-mounted on the AHSP. Given the complicated kinematics of the CMG microvibration system, the CMG structure is divided into the following two parts: the flywheel-gimbal part and bracket part in which it is more convenient to independently develop equations of motion (EOMs), and this is followed by the complete CMG. The flexible interface is separated into a substructure. Therefore, the coupling system is divided into the following three substructures: the flywheel-gimbal substructure (substructure I), bracket substructure (substructure II), and flexible interface substructure (substructure III) as shown in Figure 9 , and their local coordinates are coordinate g, coordinate 0, and coordinate o a x a y a z a (coordinate a), respectively. Coordinate a is defined as the interface between the CMG and the flexible mounting surface, and the origin o a is located at the center of the installation surface. The connection bearings between the gimbal and the bracket are considered a six-DOF flexible connection (connection substructure 1), and the rigid connection between the bracket and the AHSP is considered a rigid connection (connection substructure 2).
4.2. Substructure I. Substructure I consists of the flywheel and the gimbal connected by a pair of angular ball bearings, and this is simplified into a twelve-DOF mass-spring-damping system based on the previous simplification. This part develops the EOM of substructure I and uses it to calculate the FRF matrix. 
where q is the vector of the generalized freedom, the terms T, V, and D denote the kinetic energy, potentials, and dissipations of the system, respectively, and p represents the generalized force vector. 
where q ft and q gt are the translational displacement vectors of the COM of the flywheel and the gimbal, respectively, and q fr and q gr are the angular displacement vectors, respectively. The velocity vectors are derived from differential of the displacement vectors and expressed as follows:
where q ft and q gt are the translational velocity vectors of the COM of the flywheel and the gimbal, respectively, in coordinate g and q fr and q gr are the angular velocity vectors, respectively. As shown in Figure 10 , generalized angular motions are used to define the rigid body rotations of the flywheel and the gimbal that are shown by the Euler angles. The first rotation, β, is about the y g -axis of the inertial coordinate, namely, coordinate g, and it defines the intermediate reference coordinate, namely, o β x β y β z β (coordinate β). The next rotation, α, that is about the x β -axis defines the rocking frame, namely, o α x α y α z α (coordinate α). The final rotation, γ, is about the z α -axis and defines the final body-fixed coordinate, namely, o γ x γ y γ z γ (coordinate γ).
After the generalized angular motion, the angular velocity vectors of the COM of the flywheel and the gimbal in the rocking frame, o α x α y α z α , are expressed as follows:
It is assumed that the flywheel spinning speed is a constant Ω, and the angular velocity vector q fr is reexpressed as follows:
The mass matrixes of the flywheel and the gimbal are given as follows:
where m f and m g are the mass of the flywheel and the gimbal, respectively, J fr and J gr denote the radial inertia, and J fz and J gz denote the polar inertia. The total kinetic energy T of the system is determined as follows:
Finally, the total kinetic energy of the system is obtained by substituting (36), (37), (38), (39), and (40) into (41) and expressed as follows:
4.2.3. Potentials and Dissipations. The stiffness and damping matrixes of the vibration system are given by (32). The elastic displacement vector of the system is obtained by subtracting the displacement vector of the COM of the gimbal from that of the flywheel as follows:
The potentials of the system are calculated as follows:
Thus, we obtain the potentials of the system by combining (32), (43), and (44) that are expressed as follows: International Journal of Aerospace Engineering
The dissipation velocity vector of the system is calculated by subtracting the velocity vector of the COM of the gimbal from that of the flywheel as follows:
The dissipations of the system are determined as follows:
Hence, (32), (46), and (47) are used to obtain the dissipations of the system as follows:
4.2.4. Generalized Force. The generalized external force vector of the system is defined as follows:
where f f and f g represent the generalized external force vectors acting on the COM of the flywheel and the gimbal, respectively. The generalized external force vectors acting on the flywheel are mainly attributed to the imbalance features caused by the flywheel mass imbalance. There are two types of imbalance features: static and dynamic imbalances, and these are shown in Figure 11 .
Static imbalance is caused by the offset of the flywheel COM from the rotation axis. The dynamic imbalance results from the angular misalignment of the principle axis of the flywheel and the rotation axis. When the wheel rotates, the static and dynamic imbalances cause imbalance forces and torques to the flywheel that are equivalent to a force vector and a torque vector, respectively, acting on the COM of the flywheel. The equivalent force and torque vectors are expressed as follows:
where U s = m s r s and U d = m d r d h d denote the static and dynamic mass imbalances and φ s and φ d denote the initial phases, respectively. Subsequently, the generalized external force vector acting on the COM of the flywheel is expressed as follows:
4.2.5. FRF Matrix of Substructure I. By substituting (42), (45), (48), and (49) into (35), we obtain the EOM of substructure I in the time domain. Terms with order exceeding O(q i 2 ) are ignored, and the EOM is expressed in a matrix form as follows:
where M I , C I , and K I represent the generalized mass, damping, and stiffness matrixes, respectively, of the system and G I denotes the centrifugal term matrix, and all the expressions are expressed as follows:
where G f is the centrifugal matrix of the flywheel that is calculated as follows:
The generalized coordinate vector of the vibration system is expressed as follows:
Static imbalance Dynamic imbalance Figure 11 : The static and dynamic imbalances of the flywheel.
9 International Journal of Aerospace Engineering where q f and q g are the displacement vectors of the COM of the flywheel and the gimbal that denote the internal and connection coordinate vectors of substructure I, respectively.
The EOM in (52) is transformed into the frequency domain form via the Fourier transform (FT) that is expressed as follows:
We arrange (56) as follows:
where Z I is the impedance matrix of the vibration system and is generally invertible, and the FRF matrix of substructure I is derived from the impedance matrix as follows:
4.3. Substructure II. Substructure II is the bracket substructure that is considered a six-DOF rigid body. Two connection coordinates are contained in substructure II in which a coordinate is located on the COM of the bracket connecting to connection substructure 1 and is defined as c 1 and another coordinate is located on the center of the bracket undersurface connecting to connection substructure 2 and is defined as c 2 .
Substructure II is a six-DOF rigid body, and thus the response and excitation vectors between the two connection coordinates are equivalent to each other. The equivalent relations are determined by the following formulae: where m b is the mass of the bracket and J br and J bz are the radial inertia and polar inertia, respectively.
The transitive relation between response and excitation for the two connection coordinates is derived from (59) and (60) that is given as follows:
Therefore, we obtain the FRF matrix of substructure II as follows:
4.4. Substructure III. Substructure III is the flexible interface that is demonstrated by an AHSP. Substructure III only considers a connection coordinate (coordinate b 2 ) for the study and mainly investigates the dynamic responses of the CMG mounting point. The FRF matrix of substructure III is obtained by its finite element model (FEM). The structure of the AHSP consists of two layers of aluminum skins on the two sides with honeycomb core in the middle. The honeycomb core is equivalent to homogeneous orthotropic material, and thus the AHSP is considered a laminate with three-layer plates. The size of the AHSP is 1 m × 0.5 m × 0.03 m, and the thickness of a single-layer aluminum skin is 0.3 mm. Additionally, E, G, ρ, and υ denote Young's modulus, shear modulus, density, and Poisson ratio, respectively. The material properties of the aluminum skins and the honeycomb core equivalent model are shown in Tables 1 and 2 , respectively, and are derived from reference [29] .
Furthermore, MSC PATRAN is used to establish the FEM of the AHSP, as shown in Figure 12 . In the FEM, a laminate element is applied to mesh the AHSP. The equivalent material properties of the honeycomb core are simulated using a 2D orthotropic material. The nodes on the four sides of the FEM are imposed by six-DOF displacement constraints, and the separation distance between two nodes is 0.1 m. The FRF matrix of substructure III H b 2 is obtained via harmonic response analysis of the FEM by acting six-DOF unit force on the CMG mounting point independently.
4.5. FRF Matrix of the Coupling System. With respect to the substructure system, connection coordinates on the two sides of connection substructure 1 are not in agreement. In the process of providing control moments, the gimbal rotates corresponding to the bracket around the shaft, and thus coordinate g rotates to coordinate 0 around the y-axis as shown in Figure 13 in which θ is the rotation
10 International Journal of Aerospace Engineering angle. Table 3 lists the angle relation between coordinates g and 0 in which the orientation cosine matrix is obtained as follows: 
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Connection coordinates on the two sides of connection substructure 2 are accordant, and thus the orientation cosine matrix between coordinates a and 0 is the unit matrix. The sum of the DOFs of all the internal and connection coordinates of the substructure system is six and twelve, respectively. Subsequently, the connection coordinate transformation matrix of the substructure system is obtained and expressed as follows: 
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Moreover, (2), (33), and (34) are used, and the connection receptance matrix of connection substructure 1 is expressed as follows:
Connection receptance of connection substructure 2 tends towards zero because it is a rigid connection. Hence, the connection receptance matrix of the substructure system is expressed as follows:
Finally, the FRF matrix of the coupling system H F is achieved by substituting (65) and (67) into (15).
Dynamic
Responses of the Coupling System. For the coupling system, only external excitation acts on the flywheel as discussed in Section 4.2.4. and shown in (50). Thus, the external excitation vector of the coupling system is obtained as follows:
We apply the FT to (68), and the external excitation vector is transformed into the frequency domain form that is expressed as follows:
Displacement response of the coupling system is obtained by using its FRF matrix to multiply the external excitation vector as follows:
The displacement response is multiplied by s 2 , and we obtain the acceleration response of the coupling system as follows:
Reaction forces and moments between CMG and the flexible interface are achieved by the impedance matrix of the CMG mounting point multiplied by its displacement response vector as follows:
where X m (a part of X F ) is the displacement response vector of the CMG mounting point. 
Dynamic Responses of CMG on the Rigid Interface
The FRF matrix of CMG on the rigid interface is obtained by the similar method with the flexible interface. As shown in Figure 14 , the substructure system of CMG on the rigid interface contains two substructures and a connection substructure in which definitions are essentially consistent with the flexible interface with the exception of the CMG mounting point, which is considered an internal coordinate (coordinate h) that exhibits zero displacement in this situation because CMG is hard-mounted on the foundation. Based on the previous section, the FRF matrix of this substructure system is expressed as follows:
H c B 1
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The connection receptance matrix of the substructure system is R 1 . Subsequently, the FRF matrix of CMG on the rigid interface H R is obtained by substituting (66) and (73) into (15) .
The reaction forces and moments between CMG and the rigid interface are considered external excitation acting on the CMG mounting point. Subsequently, the excitation vector of the system is expressed as follows:
where F h denotes the reaction forces and moments between CMG and the rigid interface. The FRF matrix H R is partitioned in internal coordinates f and h and connection coordinate c, and thus the relationship between the external excitation and displacement response vectors is expressed as follows:
With respect to the rigid interface, the internal coordinate h is restrained to zero displacement, and thus X h = 0, and the rigid interface reaction force and moment vector F h is calculated as follows:
Simulation and Analysis
In this section, numerical and multibody dynamics simulations are used to examine the dynamic characteristics of CMG on the flexible interface.
6.1. Numerical Simulation and Analysis. MATLAB numerical simulations are performed to simulate the reaction forces and moments of CMG on both flexible and rigid interfaces by using (72) and (76), respectively. Subsequently, the dynamic response characteristics of the coupling system are analyzed by comparing the simulation results of the two interfaces. The reaction forces and moments are simulated when the gimbal angle θ = l·30°(l = 0, 1, 2, … , 12) and the rotating speed of the flywheel stabilizes at 6000 rpm. The simulation parameters are shown in Table 4 . Simulation frequency range and frequency precision are 0-300 Hz and 0.0625 Hz, respectively. Figure 15 provides the simulation results of the force and moment amplitude of the two interfaces at the fundamental frequency 100 Hz with respect to variations in the gimbal angle. Figure 15 indicates that the dynamic characteristics of the flexible interface are considerably different from those of the rigid interface. With respect to the six-component amplitude of the rigid interface, F y and M x are essentially invariable, and the extreme values of the other components are located in θ = l·90°(l = 1, 2, … , 5) and their change rules approximate the sine curve. Conversely, those of the flexible interface did not follow these rules in which all the components vary with the gimbal angle, and the extreme values of F z shifts 30°to the right of the abscissa and M z presents the reverse trend at 90°and 270°. Additionally, disturbance amplitudes of the flexible interface are evidently higher than those of the rigid interface with the exception of F z , and the mean values of these disturbance amplitudes on both interfaces and their ratio are shown in Table 5 . The table indicates that the mean values of the three force components of the rigid interface are extremely close to each other while those of the flexible interface exhibit a significant difference, F z , which is considerably lower.
Multibody Dynamics Simulation Validation.
The dynamic responses of the coupling system on the DSM are validated by performing both numerical and multibody dynamics simulations to simulate acceleration response of the CMG mounting point. First, MATLAB simulates the acceleration response via (64). Subsequently, MSC Adams conducts multibody dynamics simulation of the coupling system. Finally, the simulation results of the two simulations are compared, and the dynamic responses of the coupling system on the DSM are validated.
In the Adams dynamic model, the flywheel, gimbal, and bracket are simulated by the rigid body parts, the bearings Simulation results of the translational acceleration (TA) and angular acceleration (AA) amplitude of the two simulations at the fundamental frequency of 100 Hz vary with the gimbal as shown in Figure 16 . The figure indicates that the two simulation results are essentially consistent. The simulation error of the dynamic responses on the DSM is within ±6% as shown in Table 6 . The results in Figure 16 and Table 6 indicate that the DSM accurately predicts the coupled microvibrations of CMG on the flexible interface.
Conclusion
The aim of the study involves investigating the microvibration characteristics of the CMG-flexible interface coupling system by the DSM. Initially, a DSM based on FRF is established that is extremely suitable for simultaneously tackling multiple different coordinate substructures with hybrid connections and exhibits high efficiency. Subsequently, the method is employed to obtain the FRF matrix of CMG on both flexible and rigid interfaces, and this is used to predict the reaction forces and moments between CMG and the mounting interface and the acceleration response of the CMG mounting point. MATLAB simulations are conducted to simulate the reaction forces and moments on the two interfaces. The simulation results indicate that evident differences exist between the dynamic characteristics of the two interfaces regardless of the locations of the extreme value or the change rules of the amplitude. Additionally, the amplitudes of the flexible interface evidently exceed those of the rigid interface with the exception of F z . The results indicate that the traditional coupling disturbance analysis method that applies the CMG hard-mount testing spectrum to a spacecraft FRF to predict its performance produces a high error. Finally, multibody dynamics simulations are performed to validate the dynamic responses of the coupling system achieved by the established DSM and suggest results wherein predictions of the FRF matrix achieved by the DSM consistently predicted the results of multibody dynamics simulations with a simulation error of less than six percent. Therefore, the DSM is used to predict coupled microvibration characteristics between the CMG and flexible interface and exhibits high prediction accuracy and computational efficiency. 
